Received: February 12, 2001, Accepted: May 31, 2001

HYPER VERSION

Supersymmetry without Grassmann variables

Kevin Cahill

New Mexico Center for Particle Physics, Department of Physics and Astronomy University of New Mexico Albuquerque, New Mexico 87131-1156 E-mail: cahill@unm.edu

Abstract: Supersymmetry transformations may be represented by unitary operators in a formulation of supersymmetry without numbers that anti-commute. The physical relevance of this formulation hinges on whether or not one may add states of even and odd fermion number, a question which soon may be settled by experiment.

Keywords: Space-Time Symmetries, Global Symmetries, Extended Supersymmetry.

Contents

1. Introduction 1

2. Unitary supersymmetry transformations 2

1. Introduction

Supersymmetry usually is formulated in terms of anti-commuting numbers called Grassmann variables. In these formulations supersymmetry transformations T (ξ) are represented by exponentials T (ξ) = exp(ξQ + Q̄ξ̄) of the supercharges Q_a multiplied by the components ξ^a of a Grassmann spinor [1]. But since the Hilbert space H of quantum mechanics is a vector space over the complex numbers, and not over a field containing Grassmann variables, the image T (ξ)|ψ⟩ of any state |ψ⟩ not annihilated by the fermionic generators Q_a will lie outside of H. One may include states like T (ξ)|ψ⟩ either by enlarging the Hilbert space H or by expressing the transformations of supersymmetry as unitary transformations on H. The latter course is the subject of this article.

Inasmuch as supersymmetric quantum field theories are merely ordinary quantum field theories with particular fields and parameters, it is clear that one can discuss supersymmetry without the use of Grassmann variables. Moreover if z^a is a complex spinor, then the operator G(z) = zQ + Q̄z̄ is hermitian, G(z)^† = G(z), and the operator U(z) = exp(−iG(z)) is unitary, U(z)^† = U(z)^{−1}. But the image U(z)|ψ⟩ of any state |ψ⟩ not annihilated by the fermionic generators Q_a must be a superposition of states of even and odd fermion number. It is generally believed, however, that such states are unphysical because under a rotation of 2π around any axis, they change by more than an overall phase [2]. If this superselection rule is true, then the state U(z)|ψ⟩ lies outside of the physical Hilbert space H, and we gain very little by considering the unitary operator U(z).

But this superselection rule is true or false according to whether the Lorentz group of nature is SL(2, C )/Z_2 or SL(2, C ), and its validity can be settled only by experiment because the consequences of SL(2, C ) are the same as those of SL(2, C )/Z_2 except for the absence of superselection rules [3]. Andreev [4] has suggested how this rule may be tested by experiments on mesoscopic metal particles at low temperatures. Efforts to perform such experiments are in progress.

It may make sense therefore to resolve some of the technical problems that arise when one tries to represent the transformations of supersymmetry by unitary operators. The case of the chiral multiplet will be considered in this paper.

2. Unitary supersymmetry transformations

In what follows it will be shown how to implement supersymmetry transformations on the chiral multiplet by means of unitary operators without Grassmann variables. The supersymmetry transformations generated by the operator G(ξ) = ξQ + Q̄ξ̄, in which ξ^a is a Grassmann variable and Q_a a supercharge, will be recalled, and the transformations induced by the generator G(z) = zQ + Q̄z̄, where z is a complex number, will be discussed. It will be shown that these transformations are a symmetry of the theory because the change in the action density is a divergence of a current. The Noether procedure then will be used to show that the fermionic generators of this symmetry are the usual supercharges Q_a, which satisfy the algebra of supersymmetry. Thus the unitary operator U(z) = exp[−iG(z)] represents a supersymmetry transformation.

The action density for the chiral multiplet with superpotential W (A) is L = i 2 ∂_nψ̄σ̄^nψ − i 2 ψ̄σ̄^n∂_nψ − ∂_nĀ∂^nA − |W^′|^2 − 1 2 W^{′′}ψψ − 1 2 W̄^{′′}ψ̄ψ̄ (2.1)

in which W^′ = ∂W (A)/∂A. The supercharges Q_a are

Q_a = √ 2 ∫ d^3x ( σ^m_{aḃ}σ̄^{0ḃc}ψ_c∂_mĀ − iσ^0_{aḃ}ψ̄^ḃW̄^′ ) . (2.2)

In a mixed notation they are

Q_a = − √ 2 ∫ d^3x ( σ^m_{aḃ}ψ_b∂_mĀ − iψ̄^ȧW̄^′ ) (2.3) = − √ 2 ∫ d^3x ( σ^m_{aḃ}ψ_b∂_mĀ − iε^{ȧḃ}ψ̄˙_bW̄^′ ) (2.4)

or more simply Q = √ 2 ∫ d^3x [ ( ∂_0Ā − ⃗σ · ∇Ā ) ψ − W̄^′ σ^2ψ̄ ] . (2.5)

In the usual formalism with Grassmann variables ξ^a, the “bosonic” operator

G(ξ) = ξQ + Q̄ξ̄ (2.6)

generates in the fields A(x) and ψ(x) the changes δ_ξA(x) ≡ [iG(ξ), A(x)] = i √ 2 ∫ d^3y ξ^aσ^m_{aḃ}ψ_b(y) [ A(x), ∂_mĀ(y) ]

= − √ 2 ∫ d^3y ξ^aσ^0_{aḃ}ψ_b(y)δ(⃗x − ⃗y) = √ 2ξ^aψ_a(x) = √ 2ξψ , (2.7) and δ_ξψ_a(x) ≡ [iG(ξ), ψ_a(x)] = √ 2 ∫ d^3y [ ψ_a(x), ξ^bε^{ḃċ}ψ̄_ċ(y)W̄^′ + iψ̄_ċ(y)σ^m_{cḃ}ξ̄^ḃ∂_mA(y) ]

= √ 2 ( −ξ^bε^{ḃȧ}W̄^′ + iσ^m_{aḃ}ξ̄^ḃ∂_mA(x) )

= √ 2 ( ξ^bε_{ba}W̄^′ + iσ^m_{aḃ}ξ̄^ḃ∂_mA(x) ) = √ 2iσ^m_{aḃ}ξ̄^ḃ∂_mA(x) − √ 2ξ_aW̄^′ , (2.8)

which is the usual result if we use −W̄^′ = F , where F is the auxiliary field.

Exponentials of the generator G(ξ) = ξQ + Q̄ξ̄ are not unitary operators because they involve Grassmann variables. Can one avoid these anti-commuting variables? Let us consider using generators G(z) that are complex linear forms in the supercharges Q and Q̄ G(z) = zQ + Q̄z̄ , (2.9) where z^a is a complex spinor. Now the change in the field A(x) is dA(x) ≡ [ iG(z), A(x) ] = − i √ 2 ∫ d^3y z^aσ^m_{aḃ}ψ_b(y) [ ∂_mĀ(y), A(x) ]

= − √ 2 ∫ d^3y z^aσ^0_{aḃ}ψ_b(y)δ(⃗x − ⃗y) = √ 2z^aψ_a(x) = √ 2z^aψ_a , (2.10)

which is the same as (2.7) except that the Grassmann spinor ξ has been replaced by the complex spinor z. The conjugate change is dĀ = √ 2ψ̄_ȧz̄^ȧ . (2.11)

This procedure will not work, however, for the Fermi field ψ. Instead we must write dψ as an anti-commutator. There are several ways of doing this, but if we want dψ to be the adjoint of dψ̄, then we can not have a single rule for the change in the product of two spinor fields irrespective of whether they transform like ψ or like χ̄. We choose to have dψ be the adjoint of dψ̄, and so we shall have four different rules for the change in the product of two spinor fields. We define dψ_a(x) ≡ − {iG(z), ψ_a(x)} = √ 2 ∫ d^3y { z^bε^{ḃċ}ψ̄_ċ(y)W̄^′ + iψ̄_ċ(y)σ^m_{cḃ}z̄^ḃ∂_mA(y), ψ_a(x) }

= √ 2 ( z^bε^{ḃȧ}W̄^′ + iσ^m_{aḃ}z̄^ḃ∂_mA(x) )

= √ 2 ( −z^bε_{ba}W̄^′ + iσ^m_{aḃ}z̄^ḃ∂_mA(x) ) = √ 2iσ^m_{aḃ}z̄^ḃ∂_mA(x) + √ 2z_aW̄^′ . (2.12)

The change in the conjugate ψ̄ is the conjugate of the change in ψ dψ̄_ȧ ≡ { iG(z), ψ̄_ȧ } = (− {iG(z), ψ_a(x)})^† = (dψ_a)^† = − √ 2iz^bσ^m_{bȧ}∂_mĀ + √ 2z̄_ȧW^′ . (2.13) Although these formulas differ from expression (2.8) for δψ and its conjugate for δψ̄ by the signs of their second terms, and of course by the replacement of a Grassmann spinor ξ by a complex one z, we shall see that these sign differences are appropriate and that supersymmetry can be implemented by unitary transformations acting on the states and physical operators of the theory.

The key point is that the physical operators of the theory contain even powers of the Fermi fields. Thus the change in the generic product ψχ of two Fermi fields is d(ψχ) = [ iG(z), ψχ ] = iG(z) ψχ − ψχ iG(z) = iG(z) ψχ + ψ iG(z) χ − ψ iG(z) χ − ψχ iG(z) = {iG(z), ψ} χ − ψ {iG(z), χ} = − dψ χ + ψ dχ , (2.14) in which the spinor indices, which may be different, are suppressed. It is easy to see that the other three rules are: d(ψ̄χ̄) = [ iG(z), ψ̄χ̄ ] = dψ̄ χ̄ − ψ̄ dχ̄ (2.15) d(ψ̄χ) = [ iG(z), ψ̄χ ] = dψ̄ χ + ψ̄ dχ (2.16) d(ψχ̄) = [ iG(z), ψχ̄ ] = −dψ χ̄ − ψ dχ̄ . (2.17) Let us now consider the effect of these transformations on the chiral action density (2.1). The change in L due to the changes dA and dψ and their conjugates is dL = [ iG(z), L ] = i 2 ∂_ndψ̄σ̄^nψ + i 2 ∂_nψ̄σ̄^ndψ − i 2 dψ̄σ̄^n∂_nψ − i 2 ψ̄σ̄^n∂_ndψ − −∂_ndĀ∂^nA − ∂_nĀ∂^ndA − W̄^′W^{′′}dA − W^′W̄^{′′}dĀ − − 1 2 W^{′′′}dAψψ − 1 2 W̄^{′′′}dĀψ̄ψ̄ + 1 2 W^{′′}dψψ − 1 2 W^{′′}ψdψ − − 1 2 W̄^{′′}dψ̄ψ̄ + 1 2 W̄^{′′}ψ̄dψ̄ . (2.18)

The part of dL that depends upon z is d_zL = i 2 ∂_n(− √ 2izσ^m∂_mĀ)σ̄^nψ + i 2 ∂_nψ̄σ̄^n( √ 2zW̄^′) − i 2 (− √ 2izσ^m∂_mĀ)σ̄^n∂_nψ − − i 2 ψ̄σ̄^n∂_n( √ 2zW̄^′) − ∂_nĀ∂^n( √ 2zψ) − W̄^′W^{′′}( √ 2zψ) − 1 2 W^{′′′}( √ 2zψ)ψψ + + 1 2 W^{′′}( √ 2zW̄^′)ψ − 1 2 W^{′′}ψ( √ 2zW̄^′) − 1 2 W̄^{′′}(− √ 2izσ^m∂_mĀ)ψ̄ + + 1 2 W̄^{′′}ψ̄(− √ 2izσ^m∂_mĀ). (2.19)

Because Fermi fields at equal times anti-commute, the term proportional to W^{′′′} vanishes. The two terms proportional to W̄^′ W^{′′} cancel. The last two terms may be written as i √ 2 ψ̄^ȧσ^m_{bȧ}z^b∂_mW̄^′ = i√ 2 ψ̄_ċ ε^{ȧċ}σ^m_{bȧ}ε^{bd}z_d ∂_mW̄^′ = i√ 2 ψ̄σ̄^mz ∂_mW̄^′ (2.20)

and as − i √ 2 ψ̄_ȧz^bσ^m_{bċ} ε^{ȧċ}∂_mW̄^′ = − i√ 2 ψ̄_ȧε^{ȧċ}ε^{bd}σ^m_{bċ} z_d ∂_mW̄^′ = i√ 2 ψ̄σ̄^mz ∂_mW̄^′ . (2.21)

So the change d_zL in the action density is d_zL = 1 √ 2 zσ^mσ̄^nψ∂_n∂_mĀ − 1 √ 2 zσ^mσ̄^n∂_nψ∂_mĀ − √ 2z∂^nψ∂_nĀ + i √ 2 ∂_n (¯ ψσ̄^nzW̄^′ ) . (2.22) We may write this change d_zL as the total divergence

d_zL = ∂_nK^n_z (2.23)

of the current

K^n_z = − 1 √ 2 zσ^mσ̄^n∂_mĀ − √ 2zψ∂^nĀ + i √ 2 ψ̄σ̄^nzW̄^′ , (2.24)

which shows that the action is invariant under the unitary transformation

U(z) = e^{−iG(z)} (2.25)

at least for infinitesimal values of the complex spinor z.

The Noether current associated with the susy transformation (2.10)–(2.13) of the action density (2.1) is

J^n = i 2 dψ̄σ̄^nψ − i 2 ψ̄σ̄^ndψ − dĀ∂^nA − ∂^nĀdA = i 2 ( −i √ 2zσ^m∂_mĀ + √ 2z̄W^′ ) σ̄^nψ − i 2 ψ̄σ̄^n ( i √ 2σ^mz̄∂_mA + √ 2zW̄^′ ) − − √ 2z̄ψ̄∂^nA − ∂^nĀ √ 2zψ . (2.26)

The part depending on z is

J^n_z = 1 √ 2 zσ^mσ̄^nψ∂_mĀ − i √ 2 ψ̄σ̄^nzW̄^′ − √ 2zψ∂^nĀ . (2.27)

The Noether current J^n satisfies

dL = ∂_nJ^n , (2.28) and so the difference J^n − K^n of the two currents

S^n = J^n − K^n (2.29)

is conserved ∂_nS^n = 0 . (2.30)

The current S^n is the supercurrent of the Lagrange density L. The part S^n_z that depends upon z is simply

S^n_z = √ 2zσ^mσ̄^nψ∂_mĀ − i √ 2ψ̄σ̄^nzW̄^′ . (2.31)

Thus the quantity zQ is zQ = ∫ d^3x S^0_z = ∫ d^3x √ 2zσ^mσ̄^0ψ∂_mĀ − i √ 2ψ̄σ̄^0zW̄^′ , (2.32)

and so by the identity ψ̄σ̄^0z = zσ^0ψ̄, the supercharges Q_a are

Q_a = √ 2 ∫ d^3x ( σ^m_{aḃ}σ̄^{0ḃc}ψ_c∂_mĀ − iσ^0_{aḃ}ψ̄^ḃW̄^′ ) . (2.33)

These supercharges, which generate the unitary supersymmetry transformations (2.25) and (2.10)–(2.13), are the same as the those (2.2) that generate the Grassmann supersymmetry transformations (2.7) and (2.8).

We have seen that the action density (2.1) is invariant under the unitary transformation (2.25) which is an exponential of an imaginary linear form in the supercharges (2.2), that the induced complex supersymmetry transformations (2.10)– (2.13) differ somewhat from the usual supersymmetry transformations (2.7) and (2.8), and that the supercharges derived by the Noether technique (2.18)–(2.33) from the complex supersymmetry transformations (2.10)–(2.13) are the same as the conventional supercharges (2.2).

It is straightforward to generalize this argument to the general chiral theory consisting of N multiplets A_i, ψ_i, F_i interacting through an arbitrary analytic superpotential W (A_1, . . . , A_N ). In fact when appropriately generalized, the rules (2.9)–(2.17) should apply to any supersymmetric field theory. Unitary operators without Grassmann variables can implement supersymmetry transformations upon the action and upon other operators that involve even powers of Fermi fields.

Acknowledgments

I should like to thank A.F. Andreev and M. Serna for interesting conversations.

References

[1] The notation is that of J. Wess and J. Bagger, Supersymmetry and supergravity, 2nd edition Princeton University Press, Princeton, 1992.

[2] G.C. Wick, A.S. Wightman, and E.P. Wigner, The intrinsic parity of elementary particles, Phys. Rev. 88 (1952) 101.

[3] S. Weinberg, The quantum theory of fields, vol. I, p. 90, Cambridge University Press, Cambridge 1995.

[4] A.F. Andreev, Mesoscopics, superconductivity, and fundamental properties of spacetime, J. Superconductivity: Inc. Nov. Mag. 13 (2000) 805; Mesoscopics and fundamental properties of space-time, Physica B280 (2000) 440; Superfluid, superconducting, and magnetic ordering in mesoscopic quantum dots, J. Superconductivity 12 (1999) 197; Mesoscopic superconductivity in superspace, Sov. Phys. JETP Lett. 68 (1998) 673.